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Abstract 

The notion of ?{-matroids was introduced by U. Faigle and S. Fu- 
jishige in 2009 as a general model for matroids and the greedy al- 
gorithm. They gave a characterization of 7{-matroids by the greedy 
algorithm. In this note, we give a characterization of some "H-matroids 
by rank functions. 
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1 Introduction and Main Result 

The notion of matroids was introduced by H. Whitney [TT] in 1935 as an 
abstraction of the notion of linear independence in a vector space. Matroids 
are exactly those structures where the greedy algorithm yields an optimum 
solution. Many researchers have studied and extended the theory of matroids 

(cf. P El El Ellin]). 

In 2009, U. Faigle and S. Fujishige [2j introduced the notion of "H-matroids 
as a general model for matroids and the greedy algorithm. They gave a 
characterization of H-matroids by the greedy algorithm. In this note, we 
give a characterization of the rank functions of 7{-matroids that are simplicial 
complexes for any family 7i. Our main result is as follows. 

Theorem 1.1. Let E be a finite set and let p : 2^ ^ Z>o be a set function 
on E. Let be any family of subsets of E with ^^E G "H. Then, p is 
the rank function of an Ti-matroid {E,X) if and only if p is a normalized 
unit-increasing function satisfying the H-extension property. Moreover, if p 
is a normalized unit-increasing set function on E satisfying the H-extension 
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property andX := {X G 2^ | p{X) = \X\}, then {E,Z) is an T-L-matroid with 
rank function p and I is a simplicial complex. 

(E) ("H-extension property) 

For X e2^ andH en with X CH, if p{X) = \X\ < p{H), 
then there exists e E H \ X such that p{X U {e}) = p{X) + 1. 

This note is organized as follows. Section 2 gives some definitions and 
preliminaries on 7^-matroids. In Section 3, we give a proof of Theorem 11.11 
and an example which shows "H-matroids that are not simplicial complexes 
are not characterized only by their rank functions. 

2 Preliminaries 

2.1 Constructible families and rank functions 

Let i? be a nonempty finite set and let 2^ denote the family of all subsets of 
E. For any family X of subsets of E, the extreme-point operator exj : I 2^ 
and the co- extreme-point operator exj : X 2^ associated with X are defined 
as follows: 

exx(/) := {eel\l\{e}el} (I El), 
exJ(J) := {ee E\I \ IU{e} el} {I el). 

For any family X C 2^, we denote the set of maximal elements of X with 
respect to set inclusion by Max(X). 

Definition. Let X be a nonempty family of subsets of a finite set E. The 
family X is called constructible if it satisfies 

(C) exx(/) ^0 for all J e X \ {0}. □ 

Note that (C) implies G X. We call / G X a base of X if exj(/) = 0. Denote 
the family of bases of X by B{I) := {/ G X | exj(/) = 0}. By definition, it 
holds that B{I) D Max(X). 

A constructible family X induces a (base ) rank function p : 2^ — )■ Z>o via 

p{X) = maxBeB(x)|X H B\ = max/gx|X fl /|. 

The following is easily verified by definitions. 

Lemma 2.1. The rank function p of a constructible family is normalized 
(i.e. p(0) = 0) and satisfies the unit-increase property 

(m) p{X) < p{Y) < p{X) + \Y\X\ forallXCYCE. □ 

The restriction of X to a subset A G 2^ is the family X^^^ := {/ G X | / C 
A}. Note that every restriction of a constructible family is constructible. 
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2.2 Simplicial complexes 

Definition. A family X C 2^ is called a simplicial complex if X satisfies the 
following: 

(SC) X e2^, I el, X c I ^ X el. □ 

Lemma 2.2. If X is a simplicial complex, then B{X) — Max(X). 

Proof. Suppose that there exists an element B e B{X) \ Max(X). Then, 
since B is not maximal in X, there exists / e X such that B C. I. For any 
e e I\B, we have BU{e} G X since BU{e} C / and X is a simplicial complex. 
Therefore e G exj(i?). But this is a contradiction to B G I3{X). □ 

Lemma 2.3. >1 family X is a simplicial complex if and only if it satisfies 

(SC)' exx(/) = / for all / G X. 

Proof. Let X C 2^ be a simplicial complex. Take any / G X. Then we have 
/ \ {e} G X for any e G /. Thus exx(/) = / for all J G X. 

Let X C 2^ be a family satisfying exx(/) = / for all / G X. We show 
that the family X is a simplicial complex. Take X E 2^ and / G X with 
X C /. We show that X is also in the family X by induction on |J \ X|. 
When = 1, we have I\X = {e} for some e E E. Since exx(/) = /, we 

have X = I\{e} e X. Next, suppose that (SC) holds for \I\X\ = k{> 1). 
Consider when \I \ X\ = k + 1. For any e G / \ X, we have X U {e} C / 
and | / \ (X U {e})| = k. By the induction hypothesis, we have X U {e} G X. 
Therefore X = {X U {e}) \ {e} G X since exx(X U {e}) = X U {e}. Hence X 
is a simplicial complex. □ 

Lemma 2.4. Le^ X C 2^ be a simplicial complex and A G 2^. T/ien, X^^^ C 
2^ is also a simplicial complex. 

Proof. Take any X G 2^ and 7 G X(^) := {/ G X | / C A} with X CI. Since 
X is a simphcial complex, X eX. Since X C A, we have X G X^^^. □ 

Lemma 2.5. Lei X <Z2^ he a simplicial complex and X G 2^. T/ien, X G X 
z/ anc? on/?/ p(X) = |X| . 

Proo/. If X G X, then p(X) = max/gx |X n /| = |X|. Take X G 2^ with 
p{X) = \X\. Then there exists / G X such that |X n /| = p(X) = |X|. 
Therefore, X C 7. Since X is a simphcial complex, we have X G X. □ 
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2.3 7/-Matroids 

Definition. Let "H be a family of subsets of E with 0, i? G "H. A constructible 
family X C 2^ is called an 'H-independence system if 

(I) for all Hen, there exists / G X^^^ such that |/| = p{H). □ 

Definition. Let i? be a finite set and let H be a family of subsets of E 
such that 0, i? G An T-L-matroid is a pair {E,X) of the set E and an 
^{-independence system X satisfying the following property: 

(M) for all H en, all the bases B of X^-^^) have the same cardinality = 
piH). □ 



3 Proof of Theorem 1.1 

First, we see an example which shows that H-matroids that are not simplicial 
complexes are not characterized by their rank functions. 

Example 3.1. Let E = {1, 2, 3} and n = {0, E}. Let Xi = {0, {2}, {1,2}, {2, 3}}, 
X2 = {0,{1},{3},{1,2},{2,3}}, andXs = {0, {1}, {2}, {3}, {1, 2}, {2, 3}}. 
Then {E,Xi), {E,X2), and {E,Xs) are "H-matroids with the same rank func- 
tion p : 2^ -> Z>o such that p(0) = 0, p({l}) = p({2}) = p({3}) = 
p({l, 3}) = 1, and p({l, 2}) = p({2, 3}) = p({l, 2, 3}) =2. □ 

Therefore, we cannot distinguish "H-matroids in general by their rank func- 
tions. More generally, the following holds. 

Proposition 3.2. For any constructible families X and X' with Max(X) = 
Max(X'), the rank function p' associated with X' coincides with the rank 
function p associated with X. 

Proof. For any X G 2^, it holds that p{X) = max/gi|Xn/| = max/gMax(i)|-'^n 
I\ = max7g]v[ax(i')l"'^ n /| = max/£i/|X fl /| = p'{X) since Max(X) = 
Max(X'). □ 

In the following, we give a proof of Theorem 11.11 

Lemma 3.3. For any constructible family, there exists a simplicial complex 
such that their rank functions are the same. 

Proof Let X C 2^ be a constructible family. Define X' := {X e 2^ \ X C 
I for some / G X}. Then we can check that X' is a simplicial complex as 
follows. Take X G 2^ and /' G X' with X C /'. Then there exists / G X such 
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that /' C / by the definition of X'. Therefore, we have X C / g X and thus 
X eX' . Thus X' is a simphcial complex. 

Next we show Max(X) = Max(X'). Take any Ji G Max(X) and suppose 
that h ^ Max(X'). Then there exists /' G Max(X') such that h C 
By the definition of X', there exists /2 G X such that /' C I2. Therefore 
h Z h ^ X, which contradicts Ii G Max(X). Thus Ii G Max(X'), and so 
Max(X) C Max(X'). Now, take any /" G Max(X'). Then there exists I El 
such that /" C /. Let /* be maximal one among such /. Note that /* G X' 
since X C X'. Since /" G Max(X'), we have /" = /*. Thus /" G Max(X), 
and so Max(X') C Max(X). Hence Max(X) = Max(X'). 

Note that any simplicial complex is a constructible family. By Proposition 
13.21 the rank functions of X and X' are the same. □ 

Lemma 3.4. Let p : 2^ Z>o be the rank function of an 'H-matroid {E,X), 
where I is a simplicial complex. Then p satisfies the H- extension property. 

Proof. Take X E 2^ and H E H with X C H, and suppose that p{X) = 
\X\ < p{H). By Lemma [2:41 X^^) is a simplicial complex since X is a simpli- 
cial complex. Note that B{I^^^) = Max(X'^'^)) by Lemma [2.2[ By Lemma 
^ X El. Therefore X E and X is not a base of X(^) by (I) and 

(M). So there exists B E I such that X C B C H and \B\ = p{H). Take 
any element e E B\X C H\X. Then X U {e} G X since XU{e} C B eX 
and X is a simphcial complex. Thus it follows that p{X U {e}) = |X U {e}| = 
\X\ + 1 = p{X) + I. □ 

Lemma 3.5. Let p : 2^ ^ Z>o be a normalized unit-increasing function 
satisfying the H-extension property for some family H C 2^ with eH. 
Put 

Xp:={XE2''\p{X) = \X\]. 
Then {E,Xp) is an T-i-matroid andXp is a simplicial complex. 

Proof. First we show that Xp is a simplicial complex. Take any I E Xp\ {0}. 
Then we have p{I) = Since p is unit-increasing, we have p{I \ {e}) < 
p{I) < p{I \ {e}) + 1 and thus p{I \ {e}) > p{I) - 1 = |/| - 1 = |/ \ {e}|. 
By (UI) and p(0) = 0, we also have = p(0) < p{I \ {e}) < + |/ \ {e}| and 
thusp(/\{e}) < |/\{e}|. Therefore we have p(/ \ {e}) = |/\{e}| and thus 
/ \ {e} G Xp. Hence ex2p(/) = / for any I E Xp\ {0}. By Lemma [2131 Xp is 
a simplicial complex. Therefore, it follows from definitions that Xp satisfies 
(C) and (I). 

Now we show that Xp satisfies (M). Take any H eH. Suppose that there 
exist Bi,B2 E B{Xp ) such that |i?i| 7^ \B2\- Without loss of generality, 
we may assume that \Bi\ < \B2\ = p{H). Note that p(-Bi) = |i?i| and 
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p{B2) = I-B2I. Then, by (E), there exists e E H \ Bi such that p{Bi U {e}) = 
+ 1 = \Bi\ + 1 = |Si U {e}|. Thus we have B^ U {e} G Ip with 
Bi U {e} C H. But this is a contradiction to the assumption that Bi is a 
base of Xp^\ Thus Ip satisfies (M). Hence {E,Ip) is an "H-matroid. □ 

Proof of Theorem \l.l[ It follows from Lemmas 12. ![ 13. 3[ 13. 4[ and 13.51 □ 

Remark. Strict cg-matroids which were introduced by S. Fujishige, G. A. 
Koshevoy, and Y. Sano [1] in 2007 are considered as "H-matroids {E,X) where 
"H is an abstract convex geometry and X C "H. The rank functions p : "H — )■ 
Z>o of strict cg-matroids (i?,'H;X) are characterized in For more study 
on cg-matroids, see [8j. □ 

Remark. Faigle and Fujishige gave a characterization of the rank functions 
"H-matroids when H is a closure space (see [21 Theorem 5.1]). □ 

4 Directions for Further Studies 

In this section, we give directions for further studies. We introduce two 
generalizations of the notion of "H-matroids, called T-L-supermatroids and %- 
suhmodular systems, which would be interesting for further research. 

4.1 ?/-Supermatroids 

The notion of supermatroids was introduced by F. D. J. Dunstan, A. W. 
Ingleton, and D. J. A. Welsh pj in 1972 as a common generalization of ma- 
troids and integral polymatroids. We define "H-supermatroids as a common 
generalization of the notions of supermatroids and "H-matroids. 

Let (P, <) be a partially ordered set (poset) with the minimum element 
0. For an element x E V, its height is defined to be the maximum length 
of a chain from to a; and is denoted by h'p{x). For x,y eV, let [x,y] : = 
{zeV\x<z< y}. A subset X of P is said to be accessible if, for any 
i E Z \ {0}, there exists x G X such that x < i and [x, i] = {x, i}. Note that 
an accessible subset of a poset with always contains 0. For a subset X of a 
poset V with 0, we define the rank function pi : V ^ Z>o associated with X 

by 

pi{x) := max{/i-p(i) | i G X fl [0, x]} {x eV). 

Definition. Let {V,<) be a partially ordered set with the minimum element 
and let {0} C "H C P. Let X be an accessible subset of V. The subset X is 
called an T-L-supermatroid on {V, <) if X satisfies the following property. 
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For any a & H, all the maximal elements of X fl [0, a] with respect to 
< have the same height in V. □ 



We can easily check by definitions that, if the underlying poset {V, <) 
of an ?{-supermatroid X is the Boolean lattice (2^, C), then {E,X) is an 7i- 
matroid. We also remark that, ii % = V and the accessible subset X is an 
ideal of V (i.e. x < i G X implies x G X), then an "H-supermatroid coincides 
with an ordinary supermatroid. Therefore, "H-supermatroids can be regarded 
as a common generalization of "H-matroids and supermatroids. 

4.2 7/-Submodular systems 

Faigle and Fujishige showed that the rank functions of H-matroids satisfy a 
kind of submodularity: 

Lemma 4.1 (P, Lemma 2.1]). Let M = {E,X) be an T-L-matroid with rank 
function p. Then for all Hi, H2,Gi,G2 G Ti with Hi (1 H2, one has 

HiCGiH G2, H2CGiUG2^ p{Hi) + p{H2) < p{Gi) + ^(G'a). □ 

From the above lemma, we define l-i-suhmodular system as a common 
generalization of "H-matroids and submodular systems (see [3] for various 
topics on submodular systems). 

Definition. Let Ehe a. finite set and let "D C 2-^ be a distributive lattice (i.e. 
a family of subsets of E such that X,Y eV implies Xr\Y,XUY eV) with 
(1},E eV. Let H be a subfamily of V with ^,E eH. A function / : "D M 
is said to be l-L- submodular if / satisfies: 

(S) X,Y eV, Hi,H2en, HiC H2, HiC X nV, H2C XUY 
^ f{Hi) + f{H2)<f{X) + f{Y). 

An Ti-submodular system on E is the pair {V, f) of a distributive lattice 
P C 2^ with ^,E E T) and an H-sub modular function / : P — > M with 

/(0) = 0. □ 

We show one result which reveals a relationship between H-submodular 
systems (with V = 2^) and polymatroids. Here we recall the definition 
of polymatroids. A polymatroid is the pair {E, f) of a finite set E and a 
normalized monotone submodular set function / : 2^ — )■ R (i.e. / satisfies 
(i) /(0) = 0; (ii) XCY^ f{X) < /(F); (iii) f{X) + fiY) > f{X n F) + 
/(XUF) for X,Y E 2^). 
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Proposition 4.2. Let E be a finite set and let f : 2^ ^ 'R be a set function 
with /(0) = 0. Then, {E, /) be a polymatroid if and only if f is H-submodular 
for any family % with 0,E ^l-L. 

Proof. First, we show the "only if part. Take any X,Y e 2^. Then we have 
f{XnY) + f{XUY) < /(X) + /(r) by the submodularity of /. Let C 2^ 
be any family with 0, £" G "H, and take any Hi, H2 E H such that Hi C XClY 
and H2CXUY. Then we have f{Hi) < f{X n Y) and /(i/2) < f(X U Y) 
by the monotonicity of /. Therefore we have f{Hi) + f{H2) < f{X) + f{Y), 
and thus / is "H-submodular. 

Second, we show the "if part. Let = 2^, then the "H-submodularity 
of / implies that / is submodular. Take any X,Y G 2^ with X 'O Y. 
Let n = {0, X, E}. Since X e V., X C Y HY, and X C Y UY. we have 
f{X)+f{X) < f{YnY)+f{YUY) < f{Y)+f{Y) from the ?^-submodularity 
of /. Therefore we have f{X) < f{Y) and thus / is monotone. Hence we 
conclude {E, f) is a polymatroid. □ 

For an "H-submodular system [V, /), we define polyhedra in by P{f) :— 
e I VX e P : x{X) < f{X)} and B{f) := {x G P{f) \ x{E) = f{E)}. 
We call P{f) and B{f) the %- submodular polyhedron and the Ti-base poly- 
hedron, respectively. These polyhedra would have some nice structure, and 
it would be worth studying these objects. 
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